Abstract. The dominant mechanism to produce hadronic bound states with large transverse momentum is fragmentation, that is the splitting of a high energy parton into a hadronic state and other partons. We review the present schemes to calculate the heavy quark fragmentation functions (FFs) and drive an exact analytical expression of FF which includes most of the kinematical and dynamical properties of the process. Using the perturbative QCD, we calculate the FF for c-quark to split into S-wave D + meson to leading order in the QCD coupling constant. Our result is compared with the current well-known phenomenological models which are obtained through a global fit to e + e − data from SLAC SLC and CERN LEP1 and we also compare the FF with experimental data form BELLE and CLEO. Specifically, we study the effect of outgoing meson mass on the pQCD FF. Meson masses are responsible for the low-z threshold, where z is the scaled energy variable.
Introduction
Hadron production processes are important in investigating properties of quarks in heavy ion collisions and in finding the origin of the nucleon spin in lepton-nucleon scattering processes and polarized proton-proton collisions. In order to calculate the hadron production cross section, the fragmentation functions (FFs) are the key quantities and they must be known in advance. The FFs describe hadron production probabilities from the initial partons and they cannot be precisely calculated by theoretical approaches at this stage. The FFs are related to the low energy part of the hadron production processes and they form the nonperturbative aspect of QCD. The FFs are universal and their importance is for model independent predictions of the cross sections at the Large Hadron Collider (LHC) in which a hadron is detected in the outgoing productions as a colorless bound state. They can also be used to find the internal structure of the exotic hadrons using the differences between the disfavored and favored FFs [1] . The QCD improved parton model provides a great theoretical frame to extract these functions. However, once they are given at the initial fragmentation scale µ 0 , their µ evolution is determined by the Dokshitzer-Gribov-LipatovAlteralli-Parisi (DGLAP) renormalization group equations [2] which are very similar to those for parton distribution functions (PDFs). The universality of the initial condition of the FFs, first was suggested in [3] in the framework of e − e + annihilation and afterward was proved in a more general way in Ref. [4] . There are two main approaches to evaluate the FFs. In the first approach, which is frequently used to obtain the FFs, these functions are extracted from experimental data analyses instead of theoretical calculations. In this scheme, which is normally called the phenomenological approach, the FFs are mainly determined by hadron production data of e − e + annihilation, lepton-hadron and hadron-hadron scattering processes by working either in x-space [5, 6, 7, 8] or in Mellin-N space [9, 10] . This situation is very similar to the determination of the PDFs. In this approach, according to the Collin's factorization theorem [11] the cross section of hadron production in the e − e + annihilation is described by the convolution of partonic hard-scattering cross sections (e − e + → qq) which are calculable perturbatively and a realistic fragmentation function describing the transition of a parton into an outgoing hadron. In this scheme, the FFs involve parameters to be fixed by fitting the experimental data. Various phenomenological models like Peterson model [12] , Lund model [13] , Cascade model [14] and etc, have been developed to describe the FFs.
The second approach is based on this fact that the FFs for mesons containing a heavy quark can be computed theoretically using perturbative QCD (pQCD) [15, 16, 17, 18, 19] . The first theoretical attempt to explain the procedure of hadron production by a heavy quark was made by Bjorken [20] by using a naive quark-parton model (QPM). He deduced that the inclusive distribution of heavy hadron should peak almost at z = 1, where z refers to the scaled energy variable. This property is important for heavy quarks for which the peak of heavy quark fragmentation function occurs closer to z = 1. In continuation, Peterson [12] pre-sented the popular form of FF which manifestly behaves as (1 − z)
2 at large z values, using a quantum mechanical parton model. The pQCD scheme was followed by Suzuki [21] , Amiri and Ji [22] . While in this scheme Suzuki calculates the heavy FFs using a diagram similar to that in Fig. 1 . Here, we focus on heavy quark FFs and drive an exact analytical form of FF, using the Suzuki's approach which embeds most of the kinematical and dynamical properties of the process. Our results are compared both with one of the well-known phenomenological models and with the experimental data and they are found in good agreement. Furthermore, we impose finite meson mass effect on the perturbative QCD FF. This modifies the relations between partonic and hadronic variables and reduces the available phase space and is responsible for the low-z threshold. In Ref. [8] , the effect of finite hadron mass on the nonperturbative fragmentation function is studied and it is shown that the inclusion of finite mass effect tends to improve the overall description of the data. Specifically, it is shown that hadron mass effect turned out to be more important than quark mass effects. Although this additional effect is not expected to be truly sizable numerically, its study is nevertheless necessary in order to fully exploit the enormous statistics of the LHC data to be taken in the long run for a high-precision determination of the topquark properties.
This paper is organized as follows. In Sec. 2, we explain the phenomenological approach to calculate the FFs by introducing a well-known model. In Sec. 3, the theoretical scheme to calculate the FFs is introduced in detail. We then discuss the use of the pQCD fragmentation functions as a phenomenological model for the fragmentation of the charm quark into the heavy-light mesons D 0 and D + . In Sec. 4 we study, for the first time, the effect of meson mass on the perturbative QCD FFs and we present the numerical results and in Sec. 5, our conclusions are summarized.
Determination of fragmentation functions: Phenomenological scheme
One of the most current approaches to determine the FFs is the method based on data analyzing. The FFs are studied in hadron-hadron, lepton-hadron deep inelastic scattering (DIS) and electron-positron annihilation. Among all, the FFs are mainly determined by hadron production data of e − e + annihilation. The perturbative QCD framework is used to study single-inclusive hadron production in e − e + annihilation, where the factorization theorem is an important tool to study this process. According to the factorization theorem of the QCD improved parton model [11] , in the high energy scattering the cross section can be expressed in terms of the partonic hard scattering cross sections and the non-perturbative FFs D
2 ) in which the last one is related to the low energy components of process, i.e.
where, the function D
indicates the probability to find the hadron H from a parton i(= g, u, d, s, · · ·) with the energy fraction z and C i (z, α s ) is the Wilson coefficient function based on the partonic cross section e + e − →which is calculated in the perturbative QCD [7, 23] , and the convolution integral is defined as f (z) ⊗ g(z) = 1 z dy/yf (y)g(z/y). In the equation above, X stands for the unobserved jets and σ tot is the total hadronic cross section [8] , and Q 2 is the squared center-of-mass energy s = Q 2 . The variable z stands for the fragmentation parameter and is defined by the energy fraction
where E H is the energy of detected hadron. In fact, the fragmentation parameter refers to the energy fraction of process which is taken away by the outgoing hadron H.
In the phenomenological approach, the FFs are parameterized in a convenient functional form at the initial scale µ 2 0 in each order, i.e. LO and NLO. The initial scale µ 2 0 is different for partons and the initial FFs are evolved to the experimental µ 2 points by the DGLAP evolution equations [2] . The FFs are parameterized in terms of a number of free parameters which are determined by an χ 2 analysis of the e + e − → H + X data at the scale µ 2 = s. Due to the energy conservation, there is the following constraint for the parameters
This constraint is known as the energy sum rule, which means that each parton will fragment into some hadrons H. In Ref. [24] , authors calculated the b → B FFs based on the Peterson and power ansaetze obtained through a global fit to e + e − data from CERN LEP1 and SLAC SLC. In Ref. [8] 
with three free parameters. As they claimed, this parametrization yields the best fit to the BELLE data [26] in a comparative analysis using the Monte Carlo event generator JETSET/PYTHIA. The values of fit parameters for the D + (cd) meson are obtained from the BELLE/CLEO, OPAL, and the global fits using the massless scheme or zero-mass variable-flavor-number (ZM-VFN) scheme [27] where m q = 0 is put from the beginning and the non-zero values of the c and b quark masses only enter through the initial conditions of the non-perturbative FFs. The values of fit parameters together with the achieved values of χ 2 are reported in Table 1 .
3 Heavy quark fragmentation functions: Perturbative QCD scheme
As is pointed out in Refs. [16, 17, 18 ] the fragmentation function D Q→M (z, µ 0 ) for meson M containing a heavy quark or a heavy antiquark Q can be computed using the perturbative QCD. Here, the fragmentation parameter z is the longitudinal momentum fraction of hadron relative to the fragmenting heavy quark, i.e.
In this work, using pQCD we apply the theoretical approach proposed by Suzuki [28] which is independent of data analyzing and is based on the convenient Feynman diagrams and the wave function of the heavy meson bound state. Therefore, at first, we briefly explain the Suzuki's approach to obtain the analytical FF of a heavy quark Q into a heavy meson M with a bound state Qq. The main Feynman diagram for Q → M (Qq) + q in the order of α 2 s including the four-momenta is shown in Fig. 1 . According to the Lepage-Brodsky's approach [29] , by neglecting the relative motion of Q andq, we assume for simplicity that Q andq are emitted collinearly with each other and they move along the z-axes. Following Ref. [28] , we also adopt the infinite momentum frame where the fragmentation parameter z (5) is reduced to another popular form as
We also set the relevant four-momenta in Fig. 1 as
and the momentum of the produced meson is set
We also may write the quark energies in terms of the initial heavy quark energy p ′ 0 and the fragmentation parameter as
where x 1 = p 0 /p 0 and x 2 = k 0 /p 0 are the meson energy fractions carried by the constituent quarks. As in Ref. [30] , it is also assumed that the contribution of each constituent quark from the meson energy is proportional to its mass, i.e. x 1 = m Q /M and x 2 = mq/M where M = m Q + mq. Following Refs. [28, 30] , the fragmentation function may be defined as
where the average probability amplitude squared |T | 2 is obtained as s |T | 2 /(1 + 2s Q ) in which the summation is going over the spins and colors and s Q is the initial heavy quark spin. The probability amplitude T Q→M is expressed as the convolution of the hard scattering amplitude T H , which can be computed perturbatively from quark-gluon subprocesses, and the process-independent distribution amplitude Φ M which contains the bound state nonperturbative dynamic of outgoing meson, i.e.
This scheme, introduced in [31, 32] , is used to absorb the soft behavior of the bound state into the hard scattering amplitude T H . In (10), Φ M is the probability amplitude to find the quarks which are collinear in the mesonic bound state up to the scale Q. In general, the probability amplitude Φ M is related to the hadronic wave function Ψ M by
where
The probability amplitude Φ M represents the valence quark and antiquark wave function evaluated at quark impact separation
is the Heaviside step function and q ⊥i refers to the transverse momentum of constituent quarks. A typical simple mesonic wave function is
where M is the meson mass and b is the binding energy of the two body bound state. Both in the case m 1 = m 2 and m 1 >> m 2 , it can be shown that the above wave function is the solution of the Schrödinger equation with a Coulomb potential, which is the nonrelativistic limit of the Bethe-Salpeter equation with the QCD kernel [32] . Working in the infinite-momentum frame and by considering (11) and (13) we integrate over q ⊥i (0 ≤ q ⊥i 2 ≤ ∞) where q ⊥i stands for q ⊥1 or q ⊥2 . The integration yields an expression as
which grows rapidly at x 1 = 1−x 2 = m 1 /M when M is set to m 1 + m 2 and therefore is estimated as a delta function [33] . In conclusion for a S-wave pseudoscalar heavy meson ( 1 S 0 ) with neglecting the Fermi motion, the probability amplitude at large Q 2 reads
where f M = (6b 3 /πM ) 1 2 refers to the decay constant for the meson. The delta-function form is convenient for our assumption where the constituent quarks inside the meson will fly together in parallel and they have no transverse momentum. Considering Fig. 1 , in which we make a simple approximation to form a meson by emitting only a single gluon, the hard scattering amplitude T H is expressed as
for N c = 3 quark colors, α s is the strong coupling constant and 1/(k + k ′ ) 2 is due to the gluon propagator. Note that since the initial heavy quark is not on its mass shell, we have no energy conservation and thus we have performed the energy integration to reproduce the energy denominator D 0 . To obtain the FF for an unpolarized meson, considering (9-16) and performing an average over the initial spin states and a sum over the final spin states we find
where N is proportional to (πC F α s f M ) 2 but it is related to the normalization condition´1 0 D M Q (z, µ 0 )dz = 1 [22, 28] . To do the phase space integrations we consider the following integral
where considering (7) one has
with
and for the remaining integral we havê
where, for simplicity, we have replaced the transverse momentum integration by its average value k 2 ⊥ , which is a free parameter and can be determined experimentally. Putting all in (9) we obtain the fragmentation function as 
where,
In general, fragmentation functions D Q→M (z, µ 2 ) depend on both z and factorization scale µ. The scale µ is arbitrary, but in a high energy process where a jet is produced with transverse momentum k ⊥ , large logarithms of k ⊥ /µ in the parton cross section C i (z, α s ) (1) can be avoided by choosing µ on the order of k ⊥ . The function (22) should be regarded as a model for heavy quark FF at a initial scale µ of order m Q . Here we set the initial scale to µ 0 = 2m Q . For values of µ much larger than µ 0 , the obtained FF should be evolved from the scale µ 0 = 2m Q to the scale µ using the Altarelli-Parisi equation,
where P Q→Q is the appropriate splitting function,
As an example we consider the fragmentation of c-quark into the D + -meson with the constituent quark structure Table 1 and by evolving the FF to the scale µ = 2m c we also compare our result with the Bowler model as a well-known phenomenological model [25] . Since to obtain the constant N (22) we have used the normalization condition, then to compare our result with the Bowler model, our theoretical result should be multiplied by the c → D + branching fraction B(2m c ) = 0.235 [8] , which is defined as B(µ) =´1 zcut dzD(z, µ 2 ) where the cut z cut excludes the z range in which the result is not valid. As Fig. 2 shows our result is in reliable consistency with the phenomenological model. Note that the function in the pQCD approach is determined in leading order whereas the Bowler function is extracted in NLO. Therefore, we may also think of other effects, such as gluon radiation and secondary fragmentation and so on, which can make a better agreement with the phenomenological model. In spite of the uncertainties mentioned, there is another theoretical uncertainty due to the freedom in the choice of scaling variable z which will be discussed in next section. The z dependences of the FFs are not yet calculable at each desired scale. However, once they are given at some initial fragmentation scale µ 0 , their µ f evolution is specified by the evolution equations (24) . Therefore, having the initial FF (22) , D c→D + (z, µ) at larger values of µ can be obtained by solving DGLAP equations. To illustrate the effects of evolution, we evolve the FF at the energy scales µ = 10.52 GeV and µ = m Z = 91.2 GeV. These results are shown in Fig. 3 . Since, in the measurement and the analysis of the data performed by the Belle and the CLEO Collaborations [26] , the center of mass energy has been set to √ s = 10.52 GeV, which is much close to the production threshold of D mesons, we chose this value. The evolution causes the FF to decrease at large z and to diverge at z = 0. Besides the c → D + FF itself, also its first moment is also of phenomenological interest and subject to experimental determination. It corresponds to the average fraction of energy that the D + meson receives from the c quark, i.e.
where z cut = 0.1. As is seen from Figs. 4 and 5, there are no experimental data at z < 0.1. It is interesting to compare our result obtained for the average energy fraction z (m c ) = 0.73 with the values quoted by BELLE, CLEO, ALEPH and OPAL which are listed in [8] . There is good consistency between our result and the experimental results, however one must keep in mind that experimental results naturally include all orders and also contributions from gluon and light-quark fragmentation, while ours are evaluated from the c → D + FF at LO via (26) . In the remainder of this section, we also compare z distributions of D + and D 0 mesons from BELLE and CLEO 
Hadron Mass Effects on FFs
In this section we find it instructive to concentrate on the massive kinematics of fragmentation, a topic with a very little attention paid to in the literature. Therefore, we show how to incorporate the effects of the hadron mass into the fragmentation function using a specific choice of scaling variable. The FF depends on the fragmentation parameter z (5) and there is some freedom in defining this parameter in the presence of hadron mass. In general case the fourmomenta of the produced hadron M and the mother parton Q are related as p M = zp Q that in the case of massless parton and hadron a custom choice is E M = zE Q (see (6) ) in which the scaling variable z takes the values 0 ≤ z ≤ 1, i.e. to retain just one of the four equations p M = zp Q . This simple relation is not suitable with the finite quark and/or hadron masses and needs to be generalized when a heavy quark and/or hadron is considered. In order to evaluate the theoretical uncertainty due to the freedom in the choice of fragmentation parameter in the presence of heavy quark and meson we use an approach given in Ref. [35] , where authors took into account the finite mass corrections on the inclusive hadron production in e + e − and hadron-hadron reactions. For this purpose it is helpful to work in light-cone coordinates, in which any fourvector V is written in the form
. Considering (7) the momentum of the initial heavy quark takes the form
and for the massless meson for whichp 0 =p L the fourmomentum is expressed as
In the presence of meson and/or quark masses, the lightcone scaling variable ζ =p + /p ′+ seems more convenient than the fragmentation parameter z =p 0 /p ′ 0 (6). However, in the absence of meson and quark masses, the two variables are identical. Therefore, to study the effects of hadron mass on FF we apply the parameter ζ which is invariant with respect to boosts along the three-axis. This axis is considered as the flight direction of outgoing meson. Taking mass M for the meson so thatp 2 = M 2 , the four-momenta of the meson in the light-cone coordinates readsp Comparison of (28) with (29) shows that the hadron mass effect is imposed by introducing a non-zero minus component into the hadron's momentum. From this result we obtain immediately the relation between the two scaling variables in the presence of hadron mass as
Note that these two variables are equal when M → 0. Considering the four-momenta from (7) and at the fragmentation process with the sufficiently large transverse momentum, one can write m Fig. 6 , taking m Q = m c = 1.5 GeV and M = m D + = 1.87 GeV [36] the variations of new scaling variable ζ as a function of z is shown for different values of k ⊥ . As it is seen the effect of meson mass is considerable when the transverse momentum k ⊥ decreases and this effect also creates a threshold for the FFs. Now, to obtain the improved FF we go back to the definition of fragmentation (9), i.e. D Q→M (z) = 1/σ · dσ(z)/dz. As a generalization of the massless hadron case, we assume that the cross section which we have been calculating is dσ(ζ)/dζ which is related to the measured observable dσ(z)/dz via dσ(z) dz = dζ dz dσ(ζ(z)) dζ ,
that is simplified as
Here, using (30) our new scaling variable is expressed as
and now the observable quantity D Q→M (z), reads
Note that D Q→M (ζ, µ) is the FF obtained in (22) by substituting z → ζ and the kinematically allowed z ranges are now M/ m 2 Q + k 2 ⊥ < z ≤ 1. In Fig. 7 the behavior of D + fragmentation function is shown for the massless and massive meson considering m D + = 1869.62 MeV. As is shown the effect of meson mass is increasing the size of FF at large values of z and the peak position is shifted towards higher values of z and it also creates a threshold at z = 0.25.
Conclusion
We studied the heavy quark FFs in the current approaches. Using the perturbative QCD scheme we presented an analytical form for the FFs to produce S-wave heavy mesons to leading order in α s which agrees with most kinematical and dynamical expectations. Our result describes not only the z dependence of the fragmentation probabilities, but also their dependence on the transverse momentum of the meson relative to the produced jet. The perturbative QCD FF was compared with a well-known phenomenological model for the heavy quark fragmentation in the literature. Specifically, we compared the FFs for D 0 and D + mesons with available e − e + annihilation data, from CLEO and BELLE [34] and we found good agreement. We also investigated, for the first time, finite meson mass corrections on the pQCD FFs and their theoretical uncertainty due to the freedom in the choice of the scaling variable. The advent of precise data from D factories motivates the incorporation of hadron mass effect, which are then likely to be no longer negligible into the formalism.
